Klimb, J., On the minimal covering of infinite sets, Discrete Applied Mathematics 45 (1993) 161-168.
M) I< CO), then .A is closed on X. In fact, any well-ordering of A,? satisfies the property given by Definition 3.
(2) ._& is a minimal covering of X if and only if (1) .AZ is a covering of X and (2) VME&, 3mEMsuch that M/E&, rnEM'-M'=M.
(3) Clearly any finite covering of X contains a minimal subcover, but this is not true in general. For example, let (Y be a limit ordinal, and let Mp @<a) be sets such that M,cM, if y<6<a. Let X= UBca Mb, A= {Mb: P<a). Clearly A! is a covering of X which does not contain a minimal covering of X. Proof. Let Jlt = {M[ : r < a} in a well-ordering p which attests that Jtl is closed on X according to Definition 3 (i.e., MgpM,,o[<q<a).
We define Jlt*cJtl by transfinite induction. Suppose that /3< a and for all y<j3 we already decided, whether My E A*, or not. Let MBeA* if and only if 3xeMp such that (1) p=max{q: XEM~EJH} and (2) x@M,, if r<P, M,,E&*. First we prove that .A%' * is a covering of X. Suppose for contradiction that 3y E X such that Ma E A* ay$MB.
Let v=max{r: YEM~, [<a}.
By the definition of A * we obtain M, E .A *, a contradiction.
We use Remark (2) to see that & * is a minimal covering of X. Let ME Jet * (M=Ma), then 3x~ M which satisfies (1) and (2 (xj) proves that Xj has a unit cycle and z; =Y, (j). NOW ziEf (Zi+,)#f(Zi) follows from the definition of the unit cycle again.
Case 5. If zi+r=xj+r, rj+l= 0 and Zi+xj, thenf,(xj)#fi(xj+~)=f(xj+~)=f(xj), hence zj=y!,j) and the proof is similar to that of Case 4. This shows that (ZbZ2, *a. 1 is a chain off, which is a contradiction. To finish the proof we will verify that fi also has no cycle. Suppose that (Xi, '.', x,) is a cycle of fi. We will prove fi(x,)<fi(x2)<...ccfi(xS)<fi(x1), a contradiction. Apply the same construction to obtain a finite sequence (zi, . . . , z,). One can check that it is a cycle off with a similar approach to the one used in the case of the chain.
Suppose first that xi is in the new cycle, i.e., xj=Zj for some j. If zj+r =Yf+r), then f, (xi) ~f(y\'+ ') ) follows from the definition of fi and the fact that (zi, . . . ,z,)
is a cycle off. Combining this with f(~l"'))=f~(Xi+l)+fi(x,) we obtain j-i@;)< fi(xi+l).
If ~j+i+_$+'), then ri+i=O and Zj+i=Xi+i, hence fi(Xi)lf(xi+i)= fi(Xj+i)+fi (Xi) impliesfi(Xi)<fi(Xi+l).
Suppose finally that Xi was deleted during the construction of (zi, . . . , z,). Then f(xi) =fi (xi+ ,) zfl(xi), which again implies fi(xi) <fi(Xi+ i). We obtain a contradiction since fi (x,) <f 1 (x,+ 1) =fi (x1 1. 0
Proof of Theorem 7. Suppose first that .A! is closed on X, with an appropriate wellordering. If x E X, let f(x) be the maximal element of .A which contains x. Clearly
would be an infinite descending chain in A, a contradiction. Proof. It is trivial if k=O. Suppose for induction that the theorem holds for kl n. We will prove it for k = n + 1. Let X= {x0,x1, . . . }. Let J= {&A,, . . . } be the set of all (n + 1)-element subsets of X (I&! 1 = K). For m < K, there exists A4, E A such that A, c IV,,, and A, U A,.g A4, if r < m, as it is guaranteed by (1) and (2) CCA,~M,}I=K. Hence .A&~& satisfies the conditions of the theorem for k= n, and we can find A'G .A$, c A with the desired property. 0
There is a natural duality between the notion of a minimal covering of a set by a family of sets and that of a minimal point covering for a family of sets. This duality is best expressed in the language of bipartite graphs. We will denote by (X, Y, 8) the bipartite graph with vertex set XU Y and edge set 8, in which the edges join points of X to points of Y. The notion of minimal point cover mentioned in the second example is closely related to the Teichmtiller-Tukey lemma, and our paper is based on the analysis of a well-known proof of the lemma. ?7~_ 2x is a property of finite type on X if A E .Y iff A, c A, IA, I < N 0 implies A0 E LT. If ?7 is a property of finite type on X, then there is a maximal subset M of X for which A GM, IA I <m 9 A E ~7, as the Teichmtiller-Tukey lemma claims. Then X\M is a minimal point cover of the set system consisting of all finite subsets A of X, A $ f7. Our second observation is this: if A c 2x and X has a well-ordering such that every element of A has a maximal element, then there is a minimal point cover of A. This is the dual of Theorem 4.
The notion of minimal point cover can be related to that of property-B.
Definition 12. A set system MC2x has property-B if there exist disjoint subsets Y and Z of X such that X= YUZ and Hfl Y#0, HnZf0 for every HEA.
If AC 2x has a minimal point cover and M,, M2 E .M implies /Mi fl M2 I# 1, then & has property-B, as it follows directly from the definition. Now we modify Theorems 9 and 10 to get results concerning set systems having property-B.
(1) Let A, JYC 2x satisfy (1) ME&&* lMl<w.
(2) 3kEN VXEX I{N: XENEJV}I Sk.
(3) M,NEJG~UJV= lpmkl fi.
Then .M U JV has property-B. This is a consequence of Theorem 4, because the dual of Theorem 9 implies that X has a well-ordering v such that every element of Jy has a maximal element, and the elements of ,,H (being finite sets) have maximal elements, too.
(2) Let ACHE, 1~ I 5 X o and k E N such that the intersection of any k elements of Jll is infinite, but the intersection of any k+ 1 elements of & is finite (maybe empty). Then Jt has property-B.
This follows immediately from the dual of Theorem 10 if IMI = Xc. The case IMI < 03 is trivial. H,), (x1, H,) , . . . ) is a strong chain in .% if the Xi are distinct elements of X, the Hi are distinct elements of G%? for i=o, 1, . . . and Xi E H, for i 5 n. S is of star type if there is no strong chain in ti. Note. This minimal covering must be finite, because every discrete set over it is finite.
Proof. First we note that if ~8~~2~ is a covering of X and %'n (X\M) is a point finite covering of X\M for some MC X which is covered by a finite number of elements of ti', then %' contains a minimal covering of X. Indeed, this follows from Remark (1) and Theorem 4.
Suppose indirectly that there are no such %' and M. We define inductively sets Mi,NicX, xi, $Jic2x for i=O, 1, . . . such that IM,/ = I%J,, <03, H, is a covering of X and Uy='=, Bi is a covering of U~=,N~ for neN. Let Bc=iV&=&=O and suppose that for is n we have defined Mi, Ni, pi, $i with the desired properties. There exists p,, E X\ UyzO Ni which is contained in infinitely many elements of ~8~. Let M n + 1 c X\ Uy=, Ni be a maximal discrete set over ~8'~ which contains p,,, then M n + 1 is finite. Let tin'+ 1 consist of those elements of Ye, which intersect M, + 1. 
